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Abstract. This paper investigates the pseudo-spin based edge states for flexural
waves in a honeycomb perforated phononic plate, which behaves an elastic
analogue of the quantum spin Hall effect. We utilize finite element method
to analyse the dispersion for flexural waves based on Mindlin’s plate theory.
Topological transition takes place around a double Dirac cone at Γ point by
adjusting the sizes of perforated holes. We develop an effective Hamiltonian to
describe the bands around the two doubly degenerated states and analyse the
topological invariants. This further leads us to observe the topologically protected
edge states localized at the interface between two lattices. We demonstrate the
unidirectional propagation of the edge waves along topological interface, as well
as their robustness against defects and sharp bends.
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1. Introduction
The discovery of topological insulators [1–3], which can exhibit topologically protected
edge states propagating in a single direction along the sample edges, has opened a new
chapter in the research realm of condensed matter physics. The edge states are immune
to backscattering from disorder or sharp bends because of the underlying topology of
the band structures. Recently these concepts in quantum systems have been extended
to the field of photonic [4–6], acoustic [7–18] and elastic [19–31] systems, due to their
potential practical applications in wave guiding, isolating, filtering, etc.
Topologically protected states in acoustic and mechanical systems become a
research focus very recently. Breaking the time-reversal symmetry and mimicking the
quantum Hall effect (QHE) [7–9, 20, 21] in mechanical and acoustic systems requires
external active components, such as gyroscope and circulating fluid flow, which adds
complexity to the systems and remains challenging to practical realization. Another
scheme to achieve topological states is establishing acoustic/mechanical analogues to
the quantum spin Hall effect (QSHE) [10–13, 24–28], which makes use of the two
irreducible representations of C6v point group symmetry to construct (pseudo) spin
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2Hall states. Forming a double Dirac cone to increase the degrees of freedom is essential
to realize the acoustic/mechanical analogue of QSHE, since Kramers doublet exists in
the form of two double degenerate states, pseudo spin states can be constructed by
the hybridization of two pairs of degenerate Bloch modes.
Different from acoustic waves, elastic waves in plates exhibit much more complex
dispersion behaviors due to the existence of both longitudinal and shear waves, and
moreover, the reflections and couplings at the stress-free boundaries. Elastic plates
have become an attractive platform for the study of topological states for both
academic and practical interests very recently. These investigations mainly focus on
the lamb modes [24–26, 30] and flexural modes [23, 27–29] in plates with perforated
holes [24–26] or resonators [23, 27–30], forming elastic analogues of QSHE [24–28] or
quantum valley Hall effect (QVHE) [29, 30]. Recently, Rajesh and co-authors [27]
investigated the topological spin Hall effects for flexural waves based on local resonant
metamaterial plate with mass-spring systems attached on one face of the plate. In
their work, the distance between the resonators and the unit cell center is tuned to
break the translational symmetry in order to open the double Dirac cone. In this
paper, inspired by zone-folding mechanism, we report the observation of topologically
protected edge states for flexural waves in plates with solely honeycomb arranged
circular holes. By simply perturbing the holes’ radii, the topology transition from
a topological trival band to non-trival one can be realized. Our structural design
strategy is free of fabrication complexity, and provides an ideal platform for practical
realization for elastic QSHE analogues.
The structure of this work is outlined as follows, in section 2, we present the
dispersion analysis of flexural waves based on Mindlin’s plate theory using finite
element method (FEM). In section 3, we show the band inversion process and study the
topology of the band structures. In section 4, we consider a ribbon-shaped supercell
composed topological trival and non-trival cells, and show the existence of a pair of
topological edge states. This is followed in section 5 by a full wave simulation to
check the topological protected pseudo-spin dependent flexural wave transport. A
brief summary and discussion of this paper is provided in section 6.
2. Dispersion Analysis for Perforated Phononic Plates
We consider a flat thick plate with hexagonal arranged perforated holes, as figure
1 shows. Two types of unit cells are highlighted by red hexagon and blue rhomb
in figure 1 (a). The hexagonal cell (primitive unit cell) can clearly illustrate the
honeycomb arrangement pattern and the C6v symmetry of our system, but the complex
boundaries may bring some inconvenience in the following analysis. Therefore, we
choose a bigger rhombic shaped unit cell, shown in figure 1 (b). s1 and s2 denote
the two lattice vectors. The plate material is acrylic glass, with Young’s modulus
E = 3.20GPa, Poisson’s ratio ν = 0.33 and mass density ρ = 1062kg/m3. a0 = 0.05m
and a =
√
3a0 are the lattice constants of the hexagonal and rhombic unit cells, and
the plate thickness is set to be h = 0.12a0.
Dispersion analysis for flexural waves propagating in plate structures in this paper
is based on Mindlin’s plate theory, which is an extension of classical Kirchhoff plate
theory by taking into account the first order shear deformation [32]. We employ
FEM to calculate the dispersion relation in phononic crystal plate described above.
According to the First-Order shear deformation theory for flexural vibration modes
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Figure 1. Schematic view of the phononic plate and unit cells. (a) Two
types of unit cells are marked by blue (rhomb) and red (hexagon) lines. (b) A
zoom in view of the rhombic cell, s1, s2 are the two lattice vectors, a denotes
the lattice constant, and r1 and r2 are the radii of the smaller- and bigger-sized
perforated holes.
in elastic plates, the displacement can be expressed as
u(x, y, z) = zθx(x, y)
v(x, y, z) = zθy(x, y)
w(x, y, z) = w(x, y)
(1)
in which u, v, w are the particle displacement components in x, y and z directions, and
θx, θy are the rotations of the normal to the mid-plane with respect to axis y and x,
respectively.
So the strains can be expressed as
εx = z
∂θx
∂x
, εy = z
∂θy
∂y
, γxy = z
(
∂θx
∂y
+
∂θy
∂x
)
(2a)
γxz = θx +
∂w
∂x
, γyz = θy +
∂w
∂y
(2b)
And stresses are given by the stress-strain relation
σf = Dfεf , σc = Dcεc (3)
where σf = [σx, σy, τxy]
>, εf = [εx, εy, γxy]>, and σc = [τxz, τyz]>, εc = [γxz, γyz]>.
Df and Dc are defined as
Df =
E
1− ν2
1 ν 0ν 1 0
0 0 1−ν2
 , Dc = [µ 00 µ
]
(4)
in which E and µ are Young’s modulus and shear modulus, ν is Poisson’s ratio. A
four-node bi-linear isoparametric element is employed to discretize the unit cell [33],
and displacement variables are interpolated by the nodal displacements,
w(x, y) =
n∑
i=1
Ni(x, y)wi, θx(x, y) =
n∑
i=1
Ni(x, y)θx,i, θy(x, y) =
n∑
i=1
Ni(x, y)θy,i (5)
where n denote the number of nodes in each element, and wi, θx,i and θy,i are the
displacement components at the ith node. Ni(x, y) are shape functions that are used
4to interpolate the nodal displacements. Inserting equation (5) into equation (2), we
have
εf = zBfu
e, εc = Bcu
e (6)
with ue = [w1, θx,1, θy,1, , . . . , w4, θx,4, θy,4]
> the element nodal displacement vector.
Bf and Bc are given by
Bf =
0 N1,x 0 . . . 0 N4,x 00 0 N1,y . . . 0 0 N4,y
0 N1,y N1,x . . . 0 N4,y N4,x
 (7a)
Bc =
[
N1,x N1 0 . . . N4,x N4 0
N1,y N1 0 . . . N4,y N4 0
]
(7b)
Here Ni,x =
∂Ni
∂x and Ni,y =
∂Ni
∂y . The strain energy and kinetic energy in each
element can be expressed as
U e =
1
2
∫
V e
ε>f DfεfdV +
κ
2
∫
V
ε>c DcεcdV (8a)
T e =
1
2
∫
V e
u˙>diag(ρ, I, I)u˙dV (8b)
in which κ = pi2/12 is the correction factor, and u˙ = ∂u∂t . Thus the Lagrangian of this
system is given by L = T − U . From the Lagrangian equation
d
dt
∂L
∂u˙e
− ∂L
∂ue
= 0 (9)
We can obtain that
Keue + Meu¨e = 0 (10)
where Ke, Me are so called element stiffness matrix and element mass matrix, whose
expressions are given by
Ke =
h3
12
∫
Ae
B>f DfBfdA+ κh
∫
Ae
B>c DcBcdA (11a)
Me =
∫
Ae
ρN>diag(h, h3/12, h3/12)NdA (11b)
By assembling all the element stiffness matrices and element mass matrices, we
can obtain the global governing equation
K0U0 + M0U¨0 = 0 (12)
in which K0 and M0 denote the global stiffness matrix and mass matrix, respectively.
Because of the periodic nature of phononic plate, the studying domain can be limited
within a single unit cell on the basis of Floquet-Bloch theorem. Applying the Floquet-
Bloch periodic condition in FEM analysis is equivalent to a nodal displacement
transformation U = PU0, where P is a k-dependent matrix, as stated in our earlier
work Ref. [34]. The readers can also see Appendix A for more details. Under time-
harmonic assumption, we have(
K(k)− ω2M(k)
)
U = 0 (13)
5where K = P†K0P,M = P†M0P are both Hermitian and k-dependent matrices.
Here † represents Hermitian transpose. By solving the Hermitian eigenvalue problem
equation (13) with k varying along the edges of the first Irreducible Brillouin Zone
(IBZ), we can obtain the dispersion relation ω = ω(k).
3. Topological Phase Transition
3.1. Band Inversion
Double Dirac cone plays an important role in imitating the quantum spin Hall effects
in classical periodic systems. The emergence of a double Dirac cone at Γ point
can be achieved by varying the radii of perforated holes such that r1 = r2(= r0)
while their locations remain unchanged. When all the holes possess the same size,
we observe a double Dirac cone at the BZ center. Figure 2 (a) shows the band
structure of the presented phononic plate in the case of r0 = 0.20a0. A four-fold
degenerated state is observed at the frequency f = 6452Hz at Γ point. Moreover,
in the vicinity of Γ, four branches of dispersion curves touch at the degenerate point
linearly (see Appendix C), in other words, a double Dirac cone has been formed. The
construction of the double Dirac cone can be explained by zone-folding mechanism.
When r1 = r2, there are 9 uniform holes in the unit cell as shown in figure 1(b). In
this case, the unit cell is actually a supercell, with 3 × 3 primitive cells (the smallest
unit cell). A (single) Dirac cone exists at the K0 point (vertex of the BZ of the
primitive cell) in the band structure of the primitive cell. By taking a 3× 3 supercell
into consideration, the dispersion curves at K0 point are folded into Γ point twice.
Therefore, a double Dirac cone is constructed at Γ point in the BZ of the supercell. The
four-fold degeneracy will be split into doubly degenerated dipolar states (p) and doubly
degenerated quadripolar states (d) if the radii of the holes are tuned because of the
brokenness of the translational symmetry. We adjust r1 in the range of [0.9r0, 1.1r0]
with a restriction that 2r1 +r2 = 3r0. The results plotted in figure 2 (b) show that the
gap between the p and d states closes and reopens as r1 is tuned from 0.9r0 to 1.1r0.
It is worth noting that r2 = r0 when r1 = r0 under the condition that 2r1 + r2 = 3r0,
therefore, the emergence of a double Dirac cone takes place.
As figure 2 (b) shows, adjusting r1 such that r1 < r0 or r1 > r0 can both open
a band gap. Below we will show band inversion process by perturbing parameters r1
from less to greater than r0, which further leads to the topological transition from
a topologically trival state to a non-trival state. Two cases are studied, case (I)
for r1 = 0.9r0 and case (II) for r1 = 1.1r0, both breaking the double Dirac cone
and opening a complete band gap, as shown in figure 2 (c) and (d). Calculation
results show that case (I) opens a gap ranged from 6314 ∼ 6639Hz and case (II)
6318 ∼ 6625Hz. The band structures of both cases share almost the same profile
and frequency ranges, but their corresponding eigenmodes are completely in contrast
with each other. We plot the out of plane displacement distribution w(x, y) of the
eigenmodes corresponding to the p and d states in figure 2 (c) and (d). For case (I),
two modes below the gap behave like dipoles (marked by px, py), and the modes
above the gap behave like quadripolar (marked by dx2−y2 , dxy). For case (II) the
eigenmodes are flipped, that p modes are above the gap and d modes are below the
gap. Here px(py) represents the mirror symmetry of the eigenmodes along x/y axis
are even/odd(odd/even), and for dx2−y2(dxy) being odd/odd (even/even). The band
structure has experienced a process of gap closing to gap reopening, during which the
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Figure 2. Band structures of the phononic plates. (a) A double Dirac
cone emerges at the brillouin zone center when r1 = r0. (b) The upper and lower
bounds of the band gap vary versus r1. (c) and (d) show the band structures
and the eigenmodes when r1 = 0.9r0 and r1 = 1.1r0, respectively. When r1 is
perturbed, r2 can be determined from the restriction condition 2r1 + r2 = 3r0.
eigenmodes above and below the gap at Γ point have inversed.
3.2. Topology of the Band Structures
In this section we demonstrate that band inversion further induces the topological
phase transition of the band structures. To reveal the topological property of the
band gaps in figure 2 (c) and (d), we employ the k · p perturbation method [35]
to construct an effective Hamiltonian for the proposed phononic plate, and further
calculate the topological invariant, i.e., spin Chern number. The stiffness matrix K(k)
in equation (13) can be rewritten as the summation of K(k0) and a perturbed term
K(∆k) approximately by using the Taylor series. So equation (13) can be expressed
as (
K(k0) + K
′ − ω2M(k0)
)
U = 0 (14)
7in which K′ ≈ kxKx+kyKy, and Kx,Ky are constant matrices (that can be calculated
from equation (A.1). All the eigenvalues(ω2k0,n) and eigenvectors(Uk0,n) at Γ point
(k0 = 0) can be calculated beforehand, so we can expand the eigenvector in equation
(13) into linear combination of Uk0,n,
U =
∑
n
anUk0,n (15)
where an are expansion coefficients to be determined. Substituting equation (15) into
equation (13), and making use of the orthogonality relation 〈Uk0,m|M|Uk0,n〉 = δmn,
we can obtain that
(H0 +H′ − ω2I){a} = 0 (16)
in which H′mn = 〈Uk0,m|kxKx + kyKy|Uk0,n〉 is the first order perturbation term,
and H0 = diag{ω2k0,n} is a diagonal matrix. One should note that equation (16) still
describes the eigenvalue problem in the entire space. Here we develop an effective
Hamiltonian to describe the dispersion around the two doubly degenerate states in
a subspace, i.e., span{|px〉 , |py〉 , |dx2−y2〉 , |dxy〉}. Following the approach introduced
in [6, 10,11], we can obtain the matrix elements of the 4× 4 effective Hamiltonian on
the basis [px, py, dx2−y2 , dxy] as
Heffmn = H′mn +
∑
α6=m(n)
H′mαH′αn
ω2k0,m(n) − ω2k0,α
(17)
where the second term comes from the second order perturbation [6,10,11]. With
the FEM analysis, Heffmn can be numerically calculated. Rewriting Heff on basis
[p+, d+, p−, d−] by an unitary transformation, we find that Heff can be expressed
as
Heff =

−M −Bk2 Ak+ 0 0
A∗k− M +Bk2 0 0
0 0 −M −Bk2 Ak−
0 0 A∗k+ M +Bk2
 (18)
with p± = (px ± ipy)/
√
2, d± = (dx2−y2 ± idxy)/
√
2, k± = kx ± iky, and M =
(ω2k0,d − ω2k0,p)/2 is half of the gap-width between p and d modes. Coefficients A
and B can be determined numerically following the above descriptions. The obtained
effective Hamiltonian in equation (18) shares a similar form with Bernevig-Hughes-
Zhang (BHZ) model for CdTe/HgTe/CdTe quantum well [36], indicating that our
perforated phononic plate can behave a “spin” Hall effect. We can further calculate
the spin Chern number [10,11]
C = ±(sgn(M) + sgn(B)) (19)
Since the sign of M changes from positive (ωk0,p < ωk0,d) to negative (ωk0,p >
ωk0,d), and noticing the sign of B, which can be numerically evaluated, is typically
negative, we can conclude that MB < 0 before band inversion, thus C± = 0. While
after the band inversion, we have MB > 0 and C± = ±1, indicating the topological
transition from trival to non-trival band structure has taken place.
84. Topological Edge States
To confirm the existence of topologically protected edge states for flexural waves in
our system, we consider a ribbon-shaped supercell, constructed by 16 unit cells in
s2 direction (8 topologically trival and 8 non-trival unit cells are arranged adjacently
along the s2 direction, and in s1 direction the system is still assumed to be periodic.
Figure 3 (a) shows the projected band structure of the supercell in ΓK direction
calculated from Mindlin’s plate model. For pure lattice structure I (the topological
trival lattice) or structure II (the topological non-trival lattice), there exists a complete
band gap and the two gaps share a common frequency range [6318Hz, 6625Hz], but
a pair of topological edge states (blue and red solid lines) exist evidently in the
overlapped bulk band gap frequency regime of the two types of lattices. It is also
worth of noting that there exist two boundary modes in the band gap range, as
shown in dashed gray lines in Figure 3 (a). We take two specified edge states as
an example. As figure 3 (a) shows, the two states with opposite group velocities
belong to different branches of these edge states (marked by state M1 and state
M2). We plot the square of the amplitude |w(x, y)|2 (representing the vibration
energy) in figure 3 (b), which unambiguously demonstrates that M1 and M2 states
are localized at the lattice-interface since the deformation amplitude decreases rapidly
with the distance away from the lattice interface. Figure 3 (c) supports a magnified
view for two adjacent unit cells at the interface. We plot the real parts Re(w),
Figure 3. (a) Projected band structure of a ribbon-shaped supercell. The blue
and red lines represent edge states, while the gray dot-solid lines represent bulk
states. The green dots labelled as M1 and M2 are two specified edge states,
with negative and positive group velocities, respectively. (b) shows the energy
distributions for eigenmodes of states M1 and M2. It is evidently that the energy
is localized at the interface between the topological trival and non-trival lattices.
(c) shows the real parts, imaginary parts and the arguments for states M1 and
M2 near the interface with magnified views. In the real-part plots, we also present
the averaged time harmonic Poynting vectors, which represent the energy flows
for both states. Energy flow for M1 is anticlockwise, while energy flow for M2 is
clockwise, as shown by the thick blue and red circular arrows.
9imaginary parts Im(w) and the arguments Arg(w) for states M1 and M2, and find that
Re(wM1) = Re(wM2), Im(wM1) = −Im(wM2) and Arg(wM1) = −Arg(wM2). This
finding, especially the argument information, gives us guidance about the selectively
excitation of a one-way edge mode with multiple sources, as we will discuss in the next
section. We also plot the time-averaged Poynting vectors of two adjacent unit cell at
the interface by black arrows. The power flow of the center regions of each unit cell
is anti-clockwise for state M1, and clockwise for state M2, unveiling the pseudo spin
up and down characteristics of each state. When we introduce complex number in
elastic wave propagation problems, physical quantities like displacements, velocities
and accelerations, should take only the real (or imaginary) part. Since we observed
Re(wM1) = Re(wM2), Im(wM1) = −Im(wM2), and do not forget eigen-vectors allow
a constant scale ratio difference, so whichever part (real or imaginary) we take, we
conclude that the eigenvector of state M1 and M2 are the “same”. But for physical
quantities like energy and power, we have to take both the real and imaginary parts
into consideration [32]. So states M1 and M2 possessing the same real part and
opposite imaginary part is the reason why the Poynting vectors (energy flow) for
these two states are pointing to the opposite directions.
5. Robust One-way Edge Wave Propagation
5.1. Topologically Directional Wave Guiding
Full wave simulations for flexural waves propagation in a finite lattice (15 × 26
cells) is carried out via COMSOL Multiphysics, a finite element solver. as shown
in figure 4. We use the Solid Mechanics Module to model our plate structure, and
adopt the Frequency Domain Analysis to simulate the time-harmonic flexural wave
propagation. The present sample is composed of two different lattices (type I and
type II), separated by a “Z” shape domain wall. The excitation sources are arranged
inside the lattice sample, which is surrounded by perfectly matched layers (PML) so
that the output waves cannot be reflected back into the sample. Edge states show
up in pairs in the bulk band gap frequency range, which increases the difficulty to
excite an unidirectional transport. We utilize multiple sources with phase differences
to overcome this challenge, i.e., to selectively excite the directional up (down) going
topological edge state. The harmonic force sources Fi = F0 exp(iϕi) are shown in the
right panel of figure 4 (a). Note that the time harmonic term exp(−ωt) is omitted
here, and all the forces possess the same amplitude F0 but different phases,
ϕ1 = ϕ4 = 0, ϕ2 = ±pi/2, ϕ3 = ∓pi/2 (20)
The phases of the excitation sources are determined by extracting the argument
information of the edge states (see figure 3 (c)). When taking the upper sign in
equation (20), the excitation phases are ϕ1 = ϕ4 = 0, ϕ2 = pi/2, ϕ3 = −pi/2, which is
consistent with the argument of state M2, as we can see in figure 3 (c). The simulated
wave field With excitation frequency f = 6500Hz, which is exactly the frequency for
state M2, is plotted in figure 4 (b). The wave travels only in a single direction with
positive group velocity, being consistent with state M2. In this case we successfully
excited only one-way edge mode. Similarly, when taking the lower sign in equation
(20), we would expect another one-way edge mode with negative group velocity be
excited at frequency of 6500Hz. In other words, edge state M1 is selective excited,
which is confirmed by the wave propagation simulation shown in 4 (c).
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Figure 4. Unidirectional propagation of topologically protected edge
states. (a) Schematic view of the present wave guide. Two types of lattices
are separated by a “Z” shape domain wall. Multi-line-excitations are utilized
to selectively excite a particular edge state, with F1 = F4 = F0, F2 =
F0 exp(±ipi/2), F3 = F0 exp(∓ipi/2). (b) up going edge state (positive group
velocity) and (c) down going edge state (negative group velocity) are selectively
excited, by taking the upper/lower sign in the expressions of F2 and F3.
5.2. Robust Wave Propagation
The C6v symmetry protected flexural wave propagation of our topological wave
guide is studied by intentionally introducing different defects. For comparison,
wave propagation in conventional wave guides with the same defects is also studied.
Topological wave guide studied here is constructed by the topological trival lattice
(structure I) and non-trival lattice (structure II), as addressed in section 5.1.
Conventional wave guide is realized by simply removing a set of holes along a desired
path in pure lattice I. The incident waves are generated by a line-excitation from
the left side of the sample, and the force amplitude along the excitation line is set
to be Gaussian distribution, which can be expressed as F = F0 exp
(
− (y−y0)24b2
)
.
Here y0 determines the wave-beam center, and parameter b determines the width
of the wave-beam. The first example is a straight wave guide with additional point
defects, as figure 5 (a) shows. For topological wave guide, the normally incident waves
can travel through the entire sample, and no backscattering is observed obviously
at the point defect. As for the conventional wave guide, strong backscattering are
observed so that no output waves can be detected at the right port. The second
example studies the wave propagating along a path with sharp bends for both types
of structures. Simulation results in figure 5 (b) show that waves in topological lattice
11
Figure 5. Wave field of topological (left) and conventional (right) wave
guides with different defects. Excitation frequency is chosen to be 6500Hz.
are backscattering free against sharp bends while waves in conventional wave guides
are not.
6. Conclusions
In conclusion, we have proposed a perforated phononic plate and studied the pseudo-
spin states for flexural waves propagation based on Mindlin’s plate theory. A double
Dirac cone is observed at Γ by carefully adjusting the size of perforated holes such
that all the holes are uniform, which can be explained by the zone-folding mechanism.
When the radii are perturbed in different directions, the double Dirac cone opens
because the translational symmetry is broken. We have shown that a topological
phase transition takes place due to the band inversion by perturbing the radii of
the holes while preserving the C6v point group symmetry. An effective Hamiltonian is
developed to describe the topological properties of the band structures and to calculate
topological invariants, i.e., the spin Chern number. Zero/non-zero Chern numbers are
obtained before/after the band inversion, which again confirms that the topological
transition has taken place. In addition, the projected dispersion of a ribbon-shaped
finite supercell with topologically trival and non-trival cells arranged adjacently is
investigated. Result demonstrates the existence of a pair of topological edge states
located within the bulk gap range, which support two pseudo-spin states. With full
wave simulations, we demonstrate the robust unidirectional transport of topologically
protected edge states for flexural waves. Observation in this paper paves a new way
for the studies and practical applications in wave guiding, vibration isolating, wave
filtering and related fields. Further studies including the experimental verification of
edge wave propagation in the proposed metamaterial plate will be reported in authors’
future publications.
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Appendix A. Applying Bloch Condition in FEM
For the dispersion calculation of periodic systems, we should apply the Bloch-Floquet
conditions on the periodic edge pairs of the unit cell. As figure A1 shows, all the finite
element nodes are grouped into 9 node sets. Node set 1 includes all the nodes locate
within the inner domain, and node sets 2 – 5 the nodes on the four edges (but not
including the endpoints of the edges). The rest 4 nodes at the unit cell corners are
node sets 6 – 9. We would like to note that the current mesh shown in Fig. 1A (a)
may be a little coarse that the results may not meet the convergence condition, thus
a finer mesh as Fig. 1A (b) shows is required to check the convergence of FE analysis.
The Bloch-Floquet conditions states that
u3 = exp(ik · a1)u2, u5 = exp(ik · a2)u4
u7 = exp(ik · a1)u6, u9 = exp(ik · a2)u6
u8 = exp(ik · (a1 + a2))u6
(A.1)
in which k is wave vector, a1,a2 are the two lattice vectors. From equation (A.1) we
can reduce the displacement vector U0 which consists of all of the nodal displacements
to a “reduced” vector U whose components are the nodal displacements of node sets
1, 2, 4 and 6, expressed as
U0 = PU (A.2)
where U0 = [u1,u2,u3,u4,u5, u6, u7, u8, u9]
>, U = [u1,u2,u4, u6]>, and matrix P is
called the transformation matrix, whose components can be obtained from equation
(A.1). For the dispersion analysis of periodic structures, by applying Bloch-Floquet
conditions equation (A.1) or equation (A.2), one can obtain the eigenvalue problem
equation (13).
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Figure A1. FE meshes of the unit cell. (a) A coarse mesh to better illustrate
the 9 node sets: node sets 2 – 9 are nodes on the boundaries and node set 1 are
those locate in the inner domain. (b) A finer mesh is utilized in the FE analysis
to ensure the convergence of results.
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Appendix B. Comparison Between Plate Model and Solid Model
In this section, we will check the accuracy of the proposed FEM for flexural wave
analysis. Both 2D model based on Mindlin’s plate theory and 3D model based on
elastic dynamic equation
(λ+ µ)∇∇ · u + µ∇2u = ρu¨ (B.1)
are utilized to analyse the dispersion of the present plate. The blue solid lines in figure
B1 represent the dispersion curves obtained from Mindlin’s plate theory model, and
the green circles represent dispersion curves of elastic solid model. By comparing these
two set of results we can find that the plate model can accurately describe the flexural
wave modes for a thick plate and efficiently eliminate other types of wave modes (SH
modes and in-plane extensional modes) which are not our research interests in this
paper.
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Figure B1. Validity of our FEM for flexural wave modes analysis.
Dispersion curves obtained from Mindlin’s plate theory (blue lines) match
well with those obtained from elastodynamics equation (green circles). (a)-(c)
represent the band structures for r1/r0 = 0.9, 1.0 and 1.1.
Appendix C. Effective Hamiltonian near The Double Dirac Cone
We employ the degenerate second-order k ·p perturbation theory [35] to calculate the
effective Hamiltonian around Γ point. For a fixed plate structure, for example, r1 = r2
or r1 > r2 or r1 < r2, the eigenvalues ω
2
k0,n
and eigenvectors Uk0,n at k0 = 0 are
calculated beforehand. Small wave vector k (around k0) is treated as a perturbation.
Our goal is to find the effective Hamiltonian when wave vector takes k, with only
ω2k0,n and Uk0,n are already known. According to the degenerate second-order k · p
perturbation theory, the matrix components of the effective Hamiltonian at k point is
given by (see page 316–319 in Ref. [35] for more details about the derivation)
Heffmn = H′mn +
∞∑
α
H′mαH′αn
ω2k0,m(n) − ω2k0,α
(C.1)
in which subscripts m,n denote the degenerate states that we are interested
in, and subscript α denotes all of the rest states. We recall that H′mn =
〈Uk0,m|kxKx + kyKy|Uk0,n〉 is the first order perturbation term and Kx and Ky
are constant matrices.
In this section, we consider the case of r1 = r2. Since a double Dirac cone (four-
fold degenerate states) emerges, m,n should be taken over the corresponding 4 states
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indexes and α the rest. We should also note that the other states (α) are far away
from the double Dirac cone, so |ω2k0,m(n) − ω2k0,α| is very large that the summation
term over α can be neglected (only when r1 = r2, but not for the case r1 6= r2). So
we have
Heffmn = H′mn = 〈Uk0,m|kxKx + kyKy|Uk0,n〉 (C.2)
Eq.(C.2) gives the expressions of each matrix components of Heff . By numerical
calculation, we find that Heff can be expressed as
Heff = 1.0e7

0 −A −B C
A 0 −C −B
B C 0 A
−C B −A 0
 (C.3)
where A = (0.3075kx − 0.2556ky)i, B = (0.1016kx + 2.1398ky)i, C = (2.13kx −
0.0637ky)i.
Eigenvalues of equation (C.3) can be solved explicitly,
ε1,2 = −i
√
A2 +B2 + C2 ≈ +2.15e7k
ε3,4 = +i
√
A2 +B2 + C2 ≈ −2.15e7k (C.4)
in which ε = ω2 − ω20 . so equation (C.4) can be rewritten as
ω2 − ω20 ≈ 2ω0∆ω = ±2.15e7(k − 0) (C.5)
so the slopes of the dispersion curves near the double Dirac cone are given by
∆ω
∆k
= ±2.15e7
2ω0
(C.6)
We note that each root is two-fold, indicating the two cones are uniform. Around
Γ point, dispersions obtained from our k · p method show excellent agreement with
those from FEM, as shown in figure C1.
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Figure C1. Double Dirac Cone near Γ (r1 = r2 = 0.20a). Solid lines are
predicted from the effective Hamiltonian and the green circles are calculated by
FEM.
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